Abstract: A low-density parity-check (LDPC)-coded free space optical (FSO) orthogonal frequency-division multiplexing (OFDM) communication system over aggregated exponentiated Weibull (EW) fading channels with pointing errors considered is investigated. On the basis of the probability density function and cumulative distribution function of the composite channel gain, the analytical expressions of average bit error rate (ABER) of this FSO-OFDM system with on-off keying, K-ary quadrature amplitude modulation (QAM) and phase shift keying (PSK) modulation schemes are derived by using generalized Gauss-Lagurre quadrature rule, respectively. Monte Carlo simulations are provided to verify the validity of these three expressions. Furthermore, LDPC codes are applied in the simulation to improve the ABER performance. The results show that the ABER performance of 16-QAM-OFDM is better than that of the 16-PSK-OFDM system over composite EW fading channels, regardless of the turbulence strengths. For the modulation schemes involved, the degradation due to the increase of atmospheric turbulence strength for turbulence only scenario is more severe when compared with pointing errors included case. The study also demonstrates that significant coding gain improvement can be achieved by LDPC codes over EW fading channels, especially under strong turbulence condition. With pointing errors, more coding gain can be obtained when the jitter increases or beamwidth decreases.
ABER Performance of LDPC-Coded

Introduction
In recent years, free-space optical (FSO) communication has been regarded as a promising communication technique because of its wide bandwidth, low cost, free optical spectrum and high security, thus attracting considerable research attention [1] - [3] . Nevertheless, atmospheric turbulence will lead to the performance deterioration of FSO links, particularly, in long-distance transmissions of about several kilometers. This is because the inhomogeneities in the pressure and temperature of the atmosphere induce variations in the refractive index, which will further cause random fluctuations of phase and intensity of the optical wave [4] , [5] . Besides, building sway due to thermal expansions, wind loads and weak earthquakes, will vibrate the transmitted beam and introduce misalignment between the transmitter and receiver [6] - [8] , which also limits the system performance and is known as pointing errors. In order to compensate for the system degradation induced by atmospheric turbulence and pointing errors, various techniques have been proposed such as diversity, multihop relaying, channel coding and so on. For channel coding, specifically, low-density parity-check (LDPC) codes are very promising error-correcting codes, which can be used to enhance system performance owe to their achievements of near capacity limit and high coding gain. Recently, LDPC has been introduced and studied extensively within the field of FSO communication [9] - [11] . In [10] , a LDPC coded multiple-input-multiple-output (MIMO) communication system over gamma-gamma turbulence fading channels was investigated. The results showed that prominent coding gains can be provided by LDPC codes. Very recently, an orbital angular momentum (OAM)-based FSO communication system employing LDPC codes has been investigated experimentally in [11] , the study indicated that the remained channel impairment can be effectively dealt with by LDPC codes. Orthogonal frequency division multiplexing (OFDM) technology, which has been extensively adopted in wireless communication systems, gradually appears in FSO system to boost transmission speed by using a simultaneously multicarrier transmission with many relatively lower rate subcarriers [12] - [15] . Actually, the combination of OFDM with LDPC codes is an excellent modulation scheme for FSO intensity modulation and direct detection (IM/DD) systems [16] , [17] . In [16] , the system performance of a LDPC-coded FSO-OFDM communication system was simulated over the gamma-gamma fading channels. The study demonstrates significant coding gain and spectral efficiency improvement with turbulence only (TO) scenario taken into account. In [17] , without considering the impact of pointing errors, a LDPC-coded MIMO FSO-OFDM system was investigated and the result showed great average bit error rate (ABER) and channel capacity performance enhancement over gamma-gamma distribution. As is known, to precisely estimate the performance of FSO-OFDM system, it is very essential to select suitable statistical channel model to describe the atmospheric turbulence induced fading. Up to now, some mathematical fading models have been proposed and applied to FSO system performance investigation. Among those models, the lognormal model has obtained extensive acceptance in weak turbulence regime and gamma-gamma model is widely adopted under moderate-to-strong turbulence conditions for point-like aperture sizes [18] , [19] Compared with these two popular models, exponentiated Weibull (EW) distribution is a very novel and more generalized turbulence fading model, which can be used for all aperture averaging conditions under different turbulence conditions [20] - [22] However, ABER performance analysis of a LDPC coded multicarrier modulation FSO system over the aggregated EW fading channels combining the influence of pointing errors has never been reported yet, to the best of our knowledge.
Motivated by the above analysis, a LDPC coded IM/DD FSO-OFDM system over the EW fading channels with pointing errors taken into consideration is investigated in this work. On-off keying (OOK), K-ary phase shift keying (PSK) and quadrature amplitude modulation (QAM) are adopted to modulate each subcarrier for this OFDM system. On the basis of the cumulative distribution function (CDF) of the aggregated channel fading coefficient, the closed-form expressions of ABER for three modulation schemes are deduced by generalized Gauss-Lagurre quadrature (GLQ) rule, repectively. Monte Carlo (MC) simulation is also offered to validate the derived ABER expressions. Subsequently, LDPC codes are adopted in the simulations to improve the system performance with 16-QAM scheme taken into account. Fig. 1 shows the configuration of a LDPC coded FSO-OFDM communication system. In the transmission part, after the raw data stream being processed through a LDPC encoder, the encoded data is mapped on the basis of OOK, K-ary QAM or PSK modulation formats. Subsequently, with a serial-to-parallel conversion(S/P), the data stream is divided into N s parallel lower speed data streams which are then used to form the OFDM modulated signal s O FD M by inverse fast Fourier transform (IFFT) and D/A conversion. Further, optical signal is produced by using s O FD M to modulate the intensity of laser diode (LD). In the receiving part, the received optical signal is converted into electrical signal by a photodetector. After A/D conversion, the transmitted signal is processed by fast Fourier transform (FFT). Then a serial stream is formed by a parallel-to-serial conversion (P/S). Finally, the output data is obtained by demodulator and LDPC decoder.
System and Channel Models
System Model
Considering the fading induced by atmospheric turbulence and pointing errors, the electrical signal at the detector can be written as
where ρ is the photodetector responsivity, I is the channel fading coefficient which can be expressed as I = I A I P I L . Here, I A , I P and I L represent the fading induced by atmospheric turbulence, pointing errors and the constant path loss, respectively. n is the additive white Gaussian noise (AWGN) with zero mean and variance of σ 2 . According to [12] , [16] , for IM/DD systems, the electrical signal-tonoise ratio (SNR) per bit in each subcarrier channel at the receiver can be defined as
where
is the average electrical signal-to-noise ratio (SNR) per bit in the absence of fading, P av is the average transmitted optical power. K is the modulation order. m i is the optical modulation index (OMI) for each subcarrier, and M = m i (i = 1, 2, ..., N s ) is assumed for simplicity [12] .
Channel Model
In this work, EW model is considered to describe the fading induced by the atmospheric turbulence [20] . The probability density function (PDF) and CDF of I A are given by Eq. (3) and Eq. (4) as follows
in which a > 0, b > 0 and c > 0, specifically, a and b are shape parameters, and c is a scale parameter. The parameters used in this work are all extracted from [23] .
Considering the impact of misalignment fading, the pointing error model in [8] is adopted and the corresponding PDF of I P is written as
2 ), r and W z represent the receiver aperture radius and beamwidth after free propagation at the distance of z, respectively [8] . Moreover, the severity of misalignment impact can be reflected by χ which is related to the jitter standard deviation (σ s ) and equivalent beamwidth (W Z eq ).
Mathematically, the composite PDF of the aggregated EW channel gain I = I L I A I P can be calculated by [8] as
where the conditional PDF f I |I A (I |I A ) is
here, I L = 1 is assumed. Then, the PDF of I can be obtained by substituting Eq. (3) and Eq. (7) into Eq. (6) as
By employing the upper incomplete Gamma function (m, x), Eq. (8) can be simplified as
Then, replacing (m, x) by Meijer's G-function [24, Eq. (06.06.26.0005.01)], the PDF of I is expressed as
Furthermore, the composite CDF of I can be achieved by Eq. (07.34.21.0003.01) in [24] as
Performance Analysis
In this section, the analytical expressions of ABER for QAM, PSK and OOK-OFDM optical wireless communication systems over composite EW fading channels considering pointing errors are derived mathematically.
ABER Performance Analysis of QAM-OFDM FSO System
For K-ary QAM-OFDM modulation scheme, the conditional BER expression can be given by [12] as
where erfc(·) is the complementary error function and N s is the number of subcarriers. Thus, the average error rate < P
> can be achieved by averaging the conditional BER P
(I ) over the fading channels as
employing the method of integration by parts,
> can be further obtained as
here, dP
For the composite EW fading channels with pointing errors considered, the ABER for K-ary QAM-OFDM scheme can be obtained by substituting Eq. (11) and Eq. (15) into Eq. (14) as
and y = ξE N i I 2 , Eq. (16) becomes
With the help of the generalized GLQ function [25] , Eq. (17) can be further approximately achieved with high accuracy as
where y j is the j-th root of the generalized Laguerre polynomial L (−1/2) m (y) and the weight H j can be calculated by [25] as
For TO scenario, the ABER for K-ary QAM-OFDM scheme can be obtained by substituting Eq. (4) and Eq. (15) into Eq. (14) . After that, using the same method, the ABER of K-ary QAM-OFDM scheme can be achieved as
ABER Performance Analysis of PSK-OFDM FSO System
For K-ary PSK-OFDM modulation scheme, the conditional BER expression is given by [14] as
Similarly, the average error rate < P > can be written as
where dP
For the composite EW fading channels with pointing errors taken into consideration, the ABER for K-ary PSK-OFDM scheme can be obtained by substituting Eq. (11) and Eq. (23) into Eq. (22) as
Letting y = sin (24) can be further written as
Employing the generalized GLQ rule, the ABER of K-ary PSK-OFDM system over EW composite fading channels with pointing errors considered can be finally expressed as
For TO case, the ABER of the studied system for K-ary PSK-OFDM scheme can be achieved by substituting Eq. (4) and Eq. (23) into Eq. (22) . Then, using the same method, the ABER of K-ary PSK-OFDM FSO system can be obtained as
ABER Performance Analysis of OOK-OFDM FSO System
For OOK modulation scheme, the conditional BER expression is given by [26] as
The average error rate < P > can be written as
For the composite EW fading channels with pointing errors, the ABER for OOK-OFDM scheme can be obtained by substituting Eq. (11) and Eq. (30) into Eq. (29) as
Letting y = E N i I 2 /4, Eq. (31) becomes
Employing the generalized GLQ rule, the ABER of OOK-OFDM system over EW composite fading channels with pointing errors considered can be finally expressed as
For TO scenario, the ABER of the studied system for OOK-OFDM scheme can be achieved by substituting Eq. (4) and Eq. (30) into Eq. (29). Then, using the same method, the ABER of OOK-OFDM FSO system can be obtained as
Results and Discussion
In this section, the analytical expressions of ABER for K-ary QAM-OFDM, PSK-OFDM and OOK-OFDM schemes over EW turbulence channels are achieved from Eq. (20) (26) and Eq. (33), the corresponding ABER results for three schemes over the aggregated channels can be obtained, respectively. MC simulation is also provided to verify the correctness of the analytical results, in which the overall channel conditions were achieved by the inverse CDF method to obtain random values from the EW distributed atmospheric turbulence and pointing error models. Besides, to improve ABER performance, the LDPC codes and iterative decoding on the basis of a belief propagation algorithm are offered in the simulation. Without loss of generality, we assume that the electrical SNR per bit in each subcarrier channel at the receiver is equal. Moreover, the parameter m in these four analytical expressions is chosen to be 30. Details of the parameters are listed in Table 1 . Fig. 2 shows the ABERs of FSO OFDM system over the EW turbulence channels (a) and the aggregated channels (b) with the aperture radius of r = 100 mm. The subcarriers are modulated by 4-QAM, 8-PSK, 16-PSK, 16-QAM or OOK. The Roytov variance σ 2 R is 2.22 and 15.97 for moderate and strong turbulence strengths, respectively. As can be seen, all the analytical results match well with MC simulations, which verify the correctness of our ABER model. For TO scenario, the degradation caused by the increase of atmospheric turbulence strength becomes more severe for all modulation schemes when compared with pointing errors included (PI) case. This phenomenon is due to the fact that the system performance in terms of ABER is mainly limited by pointing errors rather than turbulence strength for PI scenario. For example, at the ABER of 10 −7 , for 16-QAM-OFDM scheme, the difference of SNR per bit between moderate and strong turbulence conditions is approximately 7.5 dB for TO case, while the corresponding value is only about 3.5 dB for PI case. Besides, it can be found that for both TO and PI scenarios, the ABER increases with the increase of K for K-PSK and K-QAM OFDM systems regardless of the turbulence strengths. For example, for TO case, the required electrical SNRs per bit to reach an ABER of 10 −7 are about 18.5 dB and 23.5 dB for 8PSK and 16PSK under moderate turbulence condition, respectively. And the corresponding SNRs are 67 dB and 72 dB for PI scenario. Furthermore, it can be clearly seen that the ABER performance of 16-QAM is better than 16-PSK for both TO and PI cases, regardless of the turbulence strengths. For example, when the SNR per bit equals to 18 dB, the ABERs of 16-QAM and 16-PSK are about 10 −7 and 10 −4 for TO scenario under moderate turbulence condition. In particular, the ABER performance of OOK modulation is also worse than that of 16QAM for the same SNR per bit with and without pointing errors, regardless of the turbulence strengths. Thus, 16-QAM scheme is adopted in the following analysis. Fig. 3 presents the ABER performances of 16-QAM-OFDM FSO system with and without LDPC codes in weak, moderate and strong turbulence regimes for TO scenario under the aperture radius of r = 50 mm. As can be observed, the significant improvement of the ABER performance is achieved by LDPC codes for all turbulence conditions. For example, for the uncoded system, to achieve an ABER of 10 −6 , the required electrical SNRs per bit are about 16 dB, 23 dB and 32 dB in weak, moderate and strong turbulence regimes, respectively. But for the LDPC coded system, the corresponding SNRs are only 4 dB, 8 dB and 13 dB, respectively. Furthermore, the coding gain improvement becomes more apparent with the increasing turbulence strength. For example, the coding gains achieved at ABER of 10 −6 are about 12 dB, 15 dB and 19 dB for weak, moderate and strong turbulence conditions, respectively.
In Fig. 4 , for the aperture radius of r = 50 and 100 mm, the ABER performances of the 16-QAM-OFDM FSO system with and without LDPC codes in moderate turbulence regime for both TO and PI scenarios are presented. Obviously, the ABER performance can be greatly enhanced by increasing receiver aperture size. For instance, considering uncoded system, the required E b /N 0 to achieve an ABER of 10 −7 for TO scenario decreases from 25 dB to 19 dB when the aperture radius increases from 50 to 100 mm, while for PI scenario, the required E b /N 0 decreases from 96 dB to 81 dB when the aperture radius increases from 50 to 100 mm. Moreover, compared with TO scenario, the effect of aperture averaging is more obvious with pointing errors considered, which has been also found in the decode-and-forward multihop FSO communication system in [7] . For example, for PI case, the performance gain obtained by increasing aperture radius from 50 to 100 mm is about 15 dB under moderate turbulence condition, while it is only 6 dB for the case of TO. This phenomenon shows that aperture averaging is quite effective to suppress the fading caused by the joint impacts of turbulence and pointing errors. This is due to the fact that as the intensity fluctuations at the receiver is more severe, aperture averaging will become more effective to restrain the variances of the intensity and power [27] , [28] . Further, it is clearly seen that for both TO and PI scenarios, the excellent ABER performance improvement can be achieved by LDPC codes for these two aperture radiuses. Besides, the coding gain improvement for different aperture radiuses is almost the same. For example, for TO scenario, the coding gains to achieve an ABER of 10 −7 for r = 50 and 100 mm are both about 15 dB, and the corresponding coding gains are both approximately 24 dB for PI case.
The ABER performances of uncoded and LDPC coded 16-QAM-OFDM FSO systems over the aggregated channels in moderate regime with fixed beamwidth W z = 1.5 m and different jitter (σ s = 0.3, 0.4, 0.5 m) for r = 100 mm is shown in Fig. 5 . As expected, the ABER performance is degraded by the increasing jitter either if the channel coding is considered or not. This is due to the fact that the impact of misalignment between the transmitter and receiver increases with the increase of jitter, which further deteriorates the system performance. For example, the required electrical SNRs per bit to reach an ABER of 10 −7 are about 64 dB, 76 dB and 92 dB for case of jitter σ s = 0.3, 0.4 and 0.5 m for the uncoded system, respectively. Obviously, the significant ABER improvement is gained by LDPC codes and the achieved coding gain increases with the increase of jitter variance. For example, the coding gains obtained at ABER of 10 −6 are about 15 dB, 22 dB and 30 dB for jitter σ s = 0.3, 0.4 and 0.5 m, respectively. Fig. 6 presents the ABER performances of 16-QAM-OFDM FSO system with and without LDPC codes in moderate regime with fixed jitter (σ s = 0.4 m) and different beamwidth (W z = 1, 1.5, 2 m) for r = 100 mm. It can be observed that for the uncoded scenario, compared with narrower beam, the ABER performance with wider beam is worse for lower E b /N 0 , but the phenomenon is opposite when E b /N 0 increases, which can also be observed in [7] . For example, when E b /N 0 equals 48 dB, the corresponding ABERs are 3.2 × 10 −2 , 5.7 × 10 −2 and 1.3 × 10 −1 for W z = 1, 1.5 and for W z = 1, 1.5 and 2 m, respectively. This is due to the fact that the main limiting factor of ABER performance is the transmitted power for low E b /N 0 , but for high E b /N 0 , the dominating factor is the pointing errors. Thus, when SNR is low, a narrow beam, which can offer more collected optical power, behaves better than the wide beamwidth does. As SNR increases, the wide beam can collect more optical power than the narrow beam does at the receiver because of the impact of pointing errors, therefore, the wide beamwidth shows a better ABER performance at high SNR [7] , [8] . Besides, the coding gain improvement becomes more obvious when the beamwidth decreases. For instance, the coding gains achieved at ABER of 10 −6 are approximately 20 dB, 23 dB and 40 dB for beamwidth of 2, 1.5 and 1 m, respectively.
Conclusion
In this paper, a LDPC coded FSO-OFDM communication system over aggregated EW fading channels with pointing errors has been studied in detail. With the generalized GLQ rule, the analytical ABER expressions for the FSO-OFDM system over the composite EW fading channels with OOK, K-ary QAM and PSK modulation formats have been derived, respectively. Subsequently, MC simulation is offered to verify the correctness of our ABER model. Furthermore, LDPC codes are used in the simulations in order to lower the ABER of the FSO-OFDM system. The results show that for TO scenario, the degradation due to the increase of atmospheric turbulence strength is more severe for all the modulation schemes when compared with PI case. The ABER performance of 16-QAM-OFDM is better than 16-PSK-OFDM over composite EW fading channels, regardless of the turbulence strengths. In addition, compared with TO scenario, the effect of aperture averaging for PI case is more obvious. The results also indicate that for TO case, the coding gain improvements become more evident with the increase of turbulence strength, which are about 12 dB, 15 dB and 19 dB for weak, moderate and strong turbulence conditions, respectively. Besides, with pointing errors considered, the coding gain enhancement increases with the increase of jitter or decrease of beamwidth. This work presents a FSO communication system which offers higher speed and better ABER performance when the impact of pointing errors is taken into consideration.
